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ON POINTWISE
AND ANALYTIC SIMILARITY OF MATRICES

BY
SHMUEL FRIEDLAND'

ABSTRACT

Let A(e) and B(e) be complex valued matrices analytic in £ at the origin.
A(e)~,B(e) if A(e) is similar to B(e) for any |e|<r, A(e)~,B(e) it
B(e)= T(e)A(e)T '(¢) and T(¢) is analytic and | T(z)| # 0 for | ¢ | < r! In this
paper we find a necessary and sufficient conditions on A (¢) and B(e) such that
A(e)~,B(¢) provided that A(g)~,B(e). This problem arises in study of
certain ordinary differential equations singular with respect to a parameter ¢ in
the origin and was first stated by Wasow.

1. Introduction

Let A(e)and B(e)be n X n complex valued matrices analytic in a parameter
&,in D, = {z,|z | < r} for some r >0. We call such matrices analytic at the origin.
That is we have the Mclaurin expansions

1.1 A(e)= 2, Ae*, B(e)=2 Bie*, A, B € M,(C)
k=0 k=0

which converge in D,. One says that A (¢) and B(¢) are pointwise similar in D,
(denote it by A(e)~,B(¢)) if A(e) and B(z) are similar for any ¢ € D,. A(¢g)
and B (¢) are said to be analytically similar in D, (denote it by A(g)~.B(¢)) if
there exists T(g),

1.2) T(e)= Y, Te", T. € M. (C) (convergent for |&|<r"),
k=0

such that
(1.3) [ T(e)|#0  for|e|<r
(here by | T| we denote the determinant of T) and
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(1.9) B(e)=T(e)A(e)T (¢).

The problem of determining whether two given analytic valued matrices A (g)
and B(e) are analytically similar in D, for some r’' >0 is important in study of
certain ordinary differential equations singular with respect to a parameter ¢ in
the origin (e.g. see [4] and references therein). Clearly if A(e)~.B(e) in D,
then A(e)~,B(g) in D,. Naturally one poses the following question:

ProBLEM 1.1. (Wasow [4]) Assume that A(e)~,B(g) in D,. What other
conditions should A (¢) and B(¢) satisfy in order that A(e)~,B(¢) in D, for
some 0<r'=r?

Consider the following example:

(1.5) A(£)=((1) f) B(s)=<(1) 51)

Clearly A(e)~,B(g)in C. On the other hand A (¢) #.B(¢) in any D, (r' >0).
Otherwise

A1(£)=£"‘(A(£)~I)=(g (1)) ~ a
"o B()=e"B@-D=( ¢). lzl<r

But this is impossible since A (0) and B,(0) are not similar. This shows that the
above problem does not have a simple solution.

Wasow [3] gave a simple condition when pointwise similarity implies analytic
similarity in the neighborhood of the origin. Consider the matrix equation

1.7) A(e)X — XA(e)=0.

Of course, we can view (1.7) as a system of n” linear homogeneous equations in
n? unknowns x;, i,j =1, -, n (X = (x;)7). Fix € and let k(¢) be the number of
linearly independent solutions of (1.7). x(¢) can be easily determine by the
degrees of the invariant polynomials of A (e) (e.g. [1, ch. 8, sec. 2]). It is not
difficult to see that there exists 0 <p such that

(1.8) k(&) = «, 0<|e|<p.
Wasow’s ConDITION [3]. Assume that

(1.9) k(0)= k.
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Then A(e)~.B(¢) in D, if and only if A(e)~,B(¢) in D,.

The aim of this paper is to give conditions under which the pointwise similarity
implies holomorphic similarity in case that Wasow’s condition fails. The starting
point of our investigation is the following theorem.

THEOREM 2.1. Let A(e) and B(&) be n X n matrices analytic in € for || <r.
There exists a non-negative integer w depending only on A(e) such that
A(e)~,B(e)fore € D, (r'>0)ifand only if A(e)~,B(e) for¢ € D, and there
exists R(e) of the form

(1.10) R(z)= Y Rie*, R EM,(C), |Ro#0
such that
(1.11) A(e)R(e)— R(g)B(g)=¢“*'O(1).

We determine an explicit upper bound for w. We also give a simple sufficient
criterion which implies that the conditions (1.10) and (1.11) for = 1 guarantee a
positive answer to our problem. In Section 3 we examine the conditions
(1.10)~(1.11) for » = 1. This problem leads us to the notion of conjugacy of two
matrices X and Y with respect to a matrix Z. In case that Z = cI this is the
standard notion of similarity. We give a procedure to determine when X and Y
are conjugate with respect to Z and in some cases the verification is quite
straightforward. However, the solution of the general problem is incomplete. In
Section 4 we show how to determine whether (1.11) is solvable. In fact
(1.10)-(1.11) is equivalent to the notion of strong similarity of certain upper
block triangular matrices. We also give a simple necessary and sufficient
condition for the solution of Problem 1.1 for certain type of matrices A (¢) which
do not satisfy the Wasow condition.

THEOREM 4.2. Let A(e) be complex valued matrix analytic in ¢ at the origin.
Assume that the Wasow condition fails. Suppose that the subspace of all matrices
R, which satisfy

(1.12) Rvo = AoRo, tr[ V(ROA1 - A1R0] =0

for all V which commute with A,, is of dimension k. Then A (¢) ~.B(¢e) if and
only if there exists a nonsingular matrix P commuting with A, and a matrix R such
that

(1.13) PB1 - A1P = A()R - RAo
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provided that B(e) is normalized by the condition
(1.14) B, = A,.
That is A, and B, are conjugate with respect to A,.

We state a conjecture which determines the smallest w described on Theo-
rem 2.1. In fact Theorem 4.2 supports this conjecture. In the last section we show
that (1.10)-(1.11) for any e is equivalent to the same problem with w = 1 stated
for appropriate choice of matrices A;, Aj and B, Bi.

2. Main results

ProOF OF THEOREM 2.1. Assume that the Wasow condition holds. Then the
pointwise similarity implies analytic similarity. In that case the value of the w is
zero. Indeed, as A(0)~ B(0) there exists non-singular R, such that

2.1 B(0)= R;'A(0)R,.
Now
(2.2) A(e)Ro— RyB(e) = £O(1).

as we claimed.
Suppose now that the Wasow condition fails. That is

(2.3) k <k (0).

Rewrite the system (1.7) as a system of linear equations in n® unknowns x;,
iaj=1".'7n’

(2.4) A(e)X =0.
Here A(e) is an n?x n® matrix

A (&) = (dap.waE)) X= (x6,») = (vector),
@3 AG.ipa) = AipOap — Biplly; LLpq=1--n
Using the tensor product one can write

(2.6) A(e)=IQA(e)- A(e)RQI, (A'— the transpose of A).

See, for example [2, p. 8]. The condition (2.3) implies the existence of an n X ¢
submatrix of A (¢) — call it P(¢) such that

2.7) |P(e)| = ae*(1+0(1)), a#O0.
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Here by | P| we denote the determinant of a square matrix and
(2.8) n=n>-«

We claim that if one can satisfy the conditions (1.10) and (1.11) with w = s then
A(g)~.B(g). Indeed, assume that @ =s and (1.10) and (1.11) holds. Since
| Ro| # 0 there exists 0 <r’'=r such that R(g)™" exists for |¢|<r'. Let

2.9 C(e)=R(e)B(e)R(e)™".

Clearly it is enough to show that A(e)~,C(g). Also A(g)~,C(¢). Consider
the system

(2.10) A(e)Y-YC(e)=0.
Rewrite (2.10) in the form of the system in n? variables
(2.11) F(¢)Y =0.

In tensor notation

(2.12) F(e)=IRA(e)-C'(e)RI

According to our assumptions

(2.13) A(e)- C(e)=e*'O(1).
So
(2.14) F(e)~ A(e)=(A'e)- C'(e) QI = &'O(1).

Consider the submatrix P(g) of A (£). Assume that the n rows of P(e) form the
set JCN XN (N ={1,2,---,n}) and the 1 columns of P(g) form the set
K C ¥ X ¥. Look at the corresponding submatix Q(e) of F(g) which is formed
by the rows J and the columns K. From (2.14) and (2.7) it follows that

(2.15) |Q(e)| = as*(1+ £0O(1)).

As C(g) is pointwise similar to A (&) we must have that the system (2.10) has the
same number of linearly independent solutions as (1.7). Therefore any (n + 1) x
(n +1) minor of F(e) vanishes. Let Y(e) be the unique solution of (2.10)
satisfying the conditions

(2.16) vi(e)=8, if(ij)EK.

We assert that Y(e) is holomorphic at ¢ = 0 and
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(2.17) Y(0)=1I

Indeed consider the unique solution X (¢) of (1.7) satisfying the condition (2.16).
Clearly X (£) = I is this solution. Using the Cramer formulas for the solutions of
(1.7) and (2.10) (only to the equations corresponding to the entries (i, j),
(i,j) € J) and taking in account (2.7), (2.15) and (2.14) we get

(2.18) Y(e)= 1+ 0O(1)X(e) + £O(1).

This establishes (2.17) and the analyticity of Y around the neighborhood of
the origin. So there exists 0 < r” = r’ such that Y(¢) and Y (¢)™ are holomorphic
in |e|<r". This proves the existence of w depending only on A (¢) such that
(1.10), (1.11) together with the assumptions A(e)~,B(¢) at the origin imply
that A(e)~.B(e) at € =0. Vice versa, if A(e¢)~.B(¢) for € € D, then
A(g)~,B(¢)for e € D, and (1.10) and (1.11) hold for any integer. The proof of
the theorem is completed.

DerintTioN 2.1, Let A(e) be complex valued matrix analytic in £ at the
origin. Then g is called the minimal index of A (¢) at ¢ = 0 if Theorem 2.1 holds
for w = u, but if @ < u then there exists B(e) which satisfies the conditions of
Theorem 2.1 but (1.10) and (1.11) do not imply that A(g)~.B(e).

As we pointed out in the proof of Theorem 2.1 Wasow’s condition (1.9)
implies that u = 0. From the proof of Theorem 2.1 we deduce

TueoREM 2.2. Let n be given by (2.8) and consider all non-zero 7 X m minors
of I A(e)— A'(e) ® I which must be of the form (2.7). Let v be the minimum of
all possible exponents s appearing in (2.7). Then

(2.19) b=

Clearly v = 0 if and only if the Wasow condition (1.9) holds. Next we give a
sufficient condition for p =1

THEOREM 2.3. Let A () satisfy the assumptions of Theorem 2.1. Assume that
the Wasow condition fails (i.e. (2.3) holds). Suppose that v given in Theorem 2.2
equals

(2.20) v=k(0)~ «.
Then the minimal index of A (g) at the origin does not exceed 1.

To prove this theorem we need the following lemma.
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LemMA 2.1. Let X be an n X n matrix whose rank is k (= n). Then for any
n X n matrix Y and analytic valued n x n matrix Z(e) (|e|<r) the following
relations hold :

(2.21) | X +eY]|=¢e""*0(1),
(2.22) | X+eY+e’Z(e)|=|X+eY]|+e"*O1).

Proor. Let A(g)=/(a;(e)) be an analytic valued matrix at £ =0. Let
r=(r, -, r.) be a vector with non-negative integer coordinates. As usual
denote |r|=Z{_r. By (a.”(£)); denote the matrix whose i-th row is the r;-th
derivative of A(e). From the standard formula of the derivative of the
determinant we deduce

(2.23) )= 2 @ e

Put

(2.249) A(e)=X+eY +e%Z(¢e)

and let £ =0 in (2.23). Set

(225 G-= w'm»,Zr—n ro=co=rn,=0, >0 jE 0,

Let

G(@””P)

Ji' e

be a g X g minor of G composed of i, - - -, i; rows and j,, - - -, j, columns of G. In
view of (2.25) we have

(2.26) G(@”“F)=

iy, i i
X(ﬁ ’ﬁ» 1=+, *=n
Ji o Jq

Ji, " e I Jx

Assume first that p <n — k. Then ¢ = k + 1 and since r(X) = k both sides of
(2.26) are equal to zero. Expanding the determinant of G by the rows i, -
we obtain that [G|=0. So

alq

(2.27)

I .

=0, p=0,--,n—k-1
0

Assume now that p =n — k. Againifq=k +1,|G | = 0. So we are left with the
case where g = k. That is, there exist 1 =i;<i;<---<i/_, =n such that
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(2.28) - re=-ee=r,

1

=1.

In this case G is composed of if, -+, i»-, rows of Y and i), -, ix rows of X.

Therefore we showed

dn—k dn—k
|A(e)]

d€n~k .o dgn—k

(2.29) X +eY]| .

This verifies (2.21) and (2.22).

Proor oF THEOREM 2.3.  Assume that B(e) ~,A(e) for ¢ € D,. Suppose that
(1.10) and (1.11) hold for w = 1. We claim that B(e)~, A (¢) for ¢ € D, if (2.20)
holds. Our proof is a modified version of the proof of Theorem 2.1. We just point
out the arguments which should be modified. According to (2.20) and the
definition of » we may assume that s given in (2.7) equals ». From (2.6), (2.12)
and the equality o =1 we get

Al)=(IRA-ARQD+e(IRA - ARI)+0(),

(2.30) Fe)=(IRA— AR +e(IQA - A'®I)+e20(1).

Thus we can apply Lemma 2.1 to the J x K minors of A(g) and F(e). So
(2.31) [Q(e)|=[P(e)| = """ O(),  (0)=n"~«(0).

This establishes (2.15). It is left to show (2.18). Use again the Cramer formulas
for the solutions of (1.7) and (2.10) (only for the equations corresponding to the
entries (i,j), (i,j)€ J). Thus we have to consider n X  minors consisting of
n —1 columns of A (e) (F(¢)) from the set K and a column which is a linear
combination of the columns of A (¢) (F(¢)) which do not belong to K. Clearly
the rank of such a minor at £ =0 is at most 1 (0). Using (2.31) and (2.22) we
obtain that the difference between the corresponding minors of A (¢) and F(e) is
at least of the form £ " "' O(1), i.e. £ "' O(1). Dividing the minors of A (¢) by
| P(¢)| and the minors of F(e) by | Q(¢)| from (2.7) and (2.15) we deduce (2.18).
The proof of the theorem is completed.

3. The case w =1

Assume that A(e) and B(e) are analytic valued at the origin and have the
expansions (1.1). Assume that A(e)~.B(e) for ¢ € D,. In particular A (0) is
similar to B(0). By considering TB(g)T ' for a suitable T € M,,(C) we may
assume in (1.1) that
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3.1 Ao = B,.

In that case the conditions (1.10) and (1.11) for @ =1 are equivalent to
(3.2) AoRo— RoA;=0, |Ro|#0,

3.3) AR+ A\R;,— R/A;— R:B, =0.

DeriNtTioN 3.1, Let X, Y, Z € M, (C). The matrix X is conjugate to Y with
respect to Z, if there exists a non-singular matrix P commuting with Z

(3.4) ZP—-PZ =0,
such that
(3.5) XP-PY=Z0-QZ

for some Q € M, (C).

Denote this relation by X ~ Y(Z). Clearly, if Z = cI then X is conjugateto Y
if and only if X is similar to Y. It is easy to check that for a fixed Z the relation
X ~ Y(Z)is an equivalence relation. Thus, the problem of determining whether
(3.2)—(3.3) are solvable is equivalent to the problem whether A, ~ B(A,). In this
section we shall give a partial answer to the following problem.

ProBLEM 3.1. Given X, Y, Z € M, (C), find necessary and sufficient condi-
tions for X to be conjugate to Y with respect to Z.

Clearly this problem makes sense if X, Y, Z € M, (%) for any field % We shall
restrict ourselves to the field of complex numbers although our approach will
apply for any field %. Our first observation is

Lemma 3.1. Let U,Z € M,(C). Then U is a commutator of Z and Q, i.e.
(3.6) U=2ZQ-0Z
for some Q, if and only if
3.7) tr(VU)=0
for any V which commutes with Z. (Here tr(W) denotes the trace of W.)

Proor. Clearly if V commutes with Z then

tr(VU) = t(VZQ - VQ2Z) = tr[Z(VQ) ~ VQZ]
G8) =tr[(VQ)Z - VQZ] =0.
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Vice versa, suppose that (3.7) holds for any V which commutes with Z. Consider
the equality (3.6) as a system of n® non-homogeneous equations in the unknowns
Gy bj=1,--,n (Q =(gy)). In tensor form (3.6) is given as

(3.9) I®RZ-z2'QN0=U0

if we adopt the notation of the previous section. It is well known that (3.9) is
solvable if and only if U is orthogonal to any solution of the adjoint system. That
is

(3.10) 0= wauy =tr(WU), W=(w), U= (u),

Lj=1
(3.11) (IRZ-ZRNW=(1IRZ-ZRI)W =0.
Now (3.11) means that
(3.12) ZW - WZ=0.

Thus W' commutes with Z and (3.10) is equivalent to (3.7). End of proof.
Let V,,-+-, V. form a basis for the subspace of all matrices in M, (C) which
commute with Z. So any P which satisfies (3.4) is of the form

k
(3.13) P=3 vV.

i=1
According to Lemma 3.1 (3.5) is solvable for some Q if and only if
(3.14) tr[V;(XP — PY)] =0, i=1,---k

The equations (3.13)—(3.14) determine the subspace ? of all matrices P which
solve (3.4)-(3.5). It is left to find whether ? contains a non-singular matrix.

In principle this can be done by verifying a finite number of conditions. Indeed
let # be any subspace of matrices P of the form (3.13). Define

(3.15) F(vi, -, v)= 2&-".-

=|2 av?, p=(py, - pe), vP=vh-ph

pi=n

Thus & does not contain a non-singular matrix if and only if F is zero identically.
It is a standard fact that a polynomial F of degree n is zero identically if and only
if F vanishes at the test points

(3.16) v, =0,1,---,n, i=1,--- k.

Moreover the number of test points can be reduced by observing that
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3.17) F(toy, - -, o) = t"F(vy, -+ -, te).
Next we observe that
(3.18) X~Y(Z) ifandonlyif TXT '~ TYT (TZT™).

Since we are working over M, (C) we may assume that Z is in the Jordan
canonical form

(319) Z = dlag{]l, oty ]u}, Jk = /\ka + Hk, dlm.’k = Ny, k = 1’ e, U

Here I, is the identity matrix and H, the 0-1 matrix whose non-zero elements
are on the upper diagonal. In that case the subspace of all commuting matrices P
with Z is well known (e.g. [1, ch. 8, sec. 1}).

LemMa 3.2. Let Z € M, (C) be a matrix given by (3.19). Then a block matrix
P = (P.)i € M, (C) commutes with Z if and only if the blocks P.; = (p™®),
i=1,""+,n, j=1,---, ng satisfy the following conditions:

(320) lf Aa # AB paB = 0’
(3.21) ifA.=A p¥¥=0 forj<i+ns—min(n, ng),

pi® =pien forjZ i+ n, —min(n., ng).

In fact if ny, - - -, n, are the degrees of the non-constant invariant polynomials
iy(A), -+, i(A) of Z then the number of free parameters in P is
(3.22) N=> Qi-1n.
i=1

Applying Lemmas 3.1 and 3.2 we obtain

Lemma 3.3.  Assume that Z is of the form (3.19). Then P solves (3.4) and (3.5)
if and only if for any two indices a, B such that A, = A, and any V., of the form
(3.21) the following equality holds:

O=tr { Vs [21 (XeiPia — PBiYia)]} )
b=

(3.23) X=(X)  Y=(Y)

provided that P is of the form (3.20)-(3.21).
Noting that V,, = P, =0 if A;# A. we deduce

THEOREM 3.1. Assume that Z is of the form
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(3.24) Z = diag{Z,, -+, Z.}
such that
(3.25) wl—-2Z)y =0, w#wm, j#k jk=1--- 0.

Then X is conjugate to Y with respect to Z if and only if
(3.26) Xa~Yi(Z), i=1--0 X=(Xp), Y=(Y)i

Thus in Problem 3.1 we may assume that Z is a nilpotent matrix. In case that
Z is similar to a diagonal matrix then Problem 3.1 has a simple solution.

COROLLARY 3.1. Let the assumptions of Theorem 3.1 hold. Assume further-
more that Z is similar to a diagonal matrix. Then X ~ Y(Z) if and only if X, is
similar to Y; fori=1,---,v.

THEOREM 3.2. Assume that Z consists of one Jordan block
(3-27) Z = I'Ia H= (hii);l, hii = 8(i+1)j, i,f = 1, ce,n.

Then X = (x;)} is similar to Y = (y;)i with respect to Z if and only if

—i n—1

(3.28) X i+k)k = 2 Y i+ioks i=0,---,n—-1
k

k=1 =1

3

Proor. 1t is a well known fact that any P which commutes with Z given by
(3.27) is a polynomial in H:

n—1
(3.29) P=> aH'
i=0

The assumption that P is nonsingular is equivalent to the fact that a, # 0. So we
may assume that @, = 1. Then the condition (3.14) states
n—j—1
0= tr(H'XP — H'PY) = tr(XPH' ~ YH'P) = tr [(x _y) ( D aiH"’"')] ,
i=0

(3.30) i=n=1,--0.

For j = n —1 (3.30) is equivalent to
(3.31) tr{(X - Y)H'] =0.

Assume that we already proved (3.31) for j = n—1,-- -, k. By letting j in (3.30)
be k — 1 we deduce that X and Y satisfy (3.31) for k — 1. So (3.31) holds for
j=n-1,---,0. This is exactly the conditions (3.28). Conversely if (3.28) hold
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then (3.30) is fulfilled when P = I. So X ~ Y(Z). The proof of the theorem is
completed.

4. The general problem

The conditions (1.11) can be stated in terms of matrix equalities
k
(4.1) AoRi — RiA= 21 (Rk~.’Bi - AiRk~i),

for k =0,1,-- -, », where we assumed the normalization A,= B,. A sequence
(Ro," -+, R;) is called a solution if R,,---, R; satisfy (4.1) for k =0,1,---,j.
Denote by %, the subspace of all solutions (R,, - - -, R;) and by % the subspace
of the first i matrices (R,, -+, R;) in the solutions (R, -+, R;) where 0 =i =
Clearly

(4.2) %02 L.

According to Lemma 3.1 &, ; is the subspace of all solutions (R,, - - -, R;) such
that

j+1

4.3) tr [V > (Rji1-iB: — A.-R,»+H)] =0, VA,=A,YV,
i=1

for all V which commute with A,. Thus if we constructed £ (4.3) determines
Zi+1,;- Now by solving (4.1) for k = j + 1 where (Ry, - - -, R;) € %..,; we obtain
the subspace &... Thus if A(e)~,B(¢) then A(g)~.B(¢g) if and only if &, ,
contains a non-singular matrix (» is given in Theorem 2.2).

THEOREM 4.1. Assume that A(e) and B(e) are analytically similar at the
origin. Consider the system (4.1) fork =0,---,j. Then

(4.4) dim %02 «

for any j = 0. Moreover the equality sign holds if j is not less v (given in Theo-
rem 2.2).

To prove this theorem we need the following lemma.

Lemma 4.1. Let A(e) be a complex valued matrix analytic in € at the origin.
Consider all complex valued matrices X (&) = % _, Xi&* analytic in ¢ at the origin
and satisfying the equation (1.7). Then the set of all possible X, form a subspace U
of dimension «.
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Proor. First we claim
dim U =«.

Indeed let XP(g), - - -, X*“*(¢) be « + 1 analytic solutions of (1.7). Let G(¢) be
n?X (x + 1) matrix whose columns are the vectors X’(g), - - -, X**"(¢g). By the
definition of k, X(¢), - - -, X**"(¢) are linearly dependent. So r(G(g)) — the
rank of G (g) —satisfies r(G(¢)) = «. In particular r(G(0)) = x which proves the
assertion. Next we show the existence of x analytic solutions X(¢), - - -, X*(¢)
of (1.7) which are linearly independent for 0 <| ¢ |. We follow the notation in the
proof of Theorem 2.1. So all ( + 1) X (n + 1) (y = n>~ «) minors of A (¢) (2.6)
vanish identically and there exist n X n minors P(¢) of the form (2.7).

Let K' be the complementary set of K in & XN. For a € K’ define
Y“(e) = (y§(¢))r to be the following unique solution of (1.7):
@5  yPe)=¢ fG)=a yPe)=0 ifaF(j)EK.

From the proof of Theorem 2.1 it follows that Y(¢) are analytic. Clearly
(Y*“)(¢)), @ € K, are linearly independent for |¢]|>0. Let H(¢) be an n*x «
matrix whose columns are vectors X“(¢g), - - -, X*)(¢) which are analytic solu-

tions of (1.7). Assume that r(H(g))= «. If r(H(0)) = x we have finished the
proof. Assume that r(H(0)) < «. So there exists k X x minor of H(¢) of the form

(4.6) |0(e)| = a'e"(1+£0(1)), a'#0, s'z1.
As X(0),- - -, X*)(0) are linearly dependent we have

4.7) > aX90)=0.
i=1
For simplicity of notation we may assume that a. =1. Consider a new set
X&), -+, X*Y(e) of linearly independent analytic solutions of (1.7):
4.8) Xe)=Xe), i=1,--, k-1, X® =g aXe).
i=1

Let H(e) be the matrix composed of X®, - - -, X®. Again if r(H(0)) = x we are
done. Otherwise considering the corresponding minor Q(e) which consists of
the same rows and columns as Q(¢), we easily deduce that

4.9) [Q(e)| = a'e* (1 + £O(1)).
Continuing in the same manner we shall finally deduce the lemma.

Proor oF THEOREM 4.1. TLet X(¢) be an analytic solution of (1.7). Denote
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(4.10) R(e)=X(e)T'(¢)
where T'(¢) saiisﬁes (1.4). Thus

(4.11) A(e)R(e)— R(e)B(e)=0.
We also have

(4.12) Ro= XoT5".

As R(e)=Z%_oRie* (4.1) is satisfied for k =0,1,2,---. From Lemma 4.1 we
deduce the inequality (4.4). To finish the proof of the theorem we have to verify
the equality

(4.13) dim £,0= «.

Assume that R(e) = Zf_o Ree® satisfy (1.11). Here we do not demand that
| Ro| #0. Moreover assume that w = ». Define X(e) by the equation (4.10).
From (1.11) and (1.4) we get

A(e)X(e)- X(e)A(e) = e O(1).

Repeating the arguments of the proof of Theorem 2.1 we obtain the existence of
the unique analytic solution Y (¢) of (1.7) such that x;(¢) =y, () if (i,j)E K.
Moreover X(0) = Y (0). This manifests that dim U = dim %, 0= «. Now Lemma
4.1 implies (4.13). The proof of theorem is completed.

Theorem 4.1 can be obviously applied to the case B(g)= A(g).

DerFINITION 4.1.  Consider the system of matrix equations
k
(4.14) AoR. ~RA.=, Ri_.Ai - AR
i=1

for k =0,1,---,j. Let U; be the subspace spanned by the matrices R, in the
solutions (R, - - -, R;). Define u’ to be the following non-negative integer:
(4.15) Ui-12U, U,.=U
where U is given by Lemma 4.1.

Theorem 4.1 implies

(4.16) n

We conjecture

m
<

CONIECTURE. Let u be the minimal index at the origin (Definition 2.1). Let u’
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be given as above. Then

4.17) w=p

In case that u'=0 we have that xk = x(0) and the conjecture follows from
Wasow’s result. Suppose that u'=1. Thus A(e) satisfies the conditions of
Theorem 4.2 (see Introduction). It is easy to show that A (¢) given in (1.5) fulfills
the conditions of Theorem 4.2. Therefore the example (1.5) manifests that u > 0.
Thus, indeed, Theorem 4.2 establishes the equality (4.17) in case that u’ = 1. To
prove Theorem 4.2 we need an auxiliary lemma.

LemMa 4.2. Let X and Y be m X m matrices. Assume that r(X) = k. Consider
the subspace U of all vectors x of the form

4.18) Xx =0, £'Yx =0, &X =0,
for all possible £. Assume that
4.19) dm¥% =m-k' (=m—k).

Then all k' X k' minors of X + €Y are of the form £“"“O(1). Moreover there
exists an k' X k' minor Q(e) of X + Y such that

(4.20) [Q(e)| = be* ™ (1+£0(1)), b#0.

Proor. From Lemma 2.1 it follows that any k' X k’ minor of X + £Y is of the
form £*“"*O(1). Suppose that (4.20) does not hold. Thus all k' X k’ minors of
X + €Y are of the form £*7*"'Q(1). Let S,, S, be two nonsingular matrices.
Applying the Cauchy-Bihet formula we deduce that all k’X k’ minors of
$.XS,+ €S, YS, are of the form £ 7**'O(1). We establish the lemma by showing
that the above conclusion fails for some choice of nonsingular S, and S,. Let

(4.21) X1 = S]XSz, 1= Sl YSz

We can choose S; and S, such that

(5 0) S( %) (5 9)
@2 x=(g o), v=(y" ¥, va=(y o)

Here X, and Y, are partitioned in the same manner and I; is the j X j identity
matrix. Clearly (4.18)-(4.19) holds if we replace X and Y by X; and Y.
However in that case we immediately deduce that m — k'’ = m — k ~ [. Consider
k’x k' minor Q (&) of X;+ £Y, based on the first k' rows and columns. Applying
the Laplace expansion to the last I rows of Q(e) we deduce straightforward
(4.20) with b = 1. This establishes the lemma.
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ProoroF THEOREM 4.2.  Consider the expansion A () given by (2.30). Let
(4.23) X=1QRA,— AR, Y=IQRA -AIRL

So r(X)=n?-k(0) and dim % = «. Thus according to Lemma 4.2 the condi-
tions of Theorem 2.3 are satisfied so p =1. This in return is equivalent to
(3.2)-(3.3). That is A; ~ Bi(Ay).

We conclude this section with a different formulation of the system (4.1). Let
Ao, "+, Aj-1 be n X n matrices. Define C(Ao,---, A;-;) to be nj X nj matrix
which is block upper triangular:

(424) C(Ao, -, A1) =(Cy)i, Cu =0 forgq<p, Cu=A,, forqzp

DEefFINITION 4.2. Let Ao, By, -+, Aj_1, Bi-1 be given n X n matrices. The
matrices C(Ay, - - -, Aj—1) and C(B,, -+, B;_;) are called strongly similar if there
exist n X n matrices R, -, R;, satisfying

C(AO’ ch Ai—l)C(R(J, Tt Ri'l) = C(RO’ R Ri‘l)C(BO’ Y Bi—l)a

(4.25) where | Ro| # 0.
As
(4.26) |C(Ro," "+, Ri-)| = | Rof

the assumption that | Ro| # 0 implies in particular that C(A,, - - -, A;-,) is similar
to C(By, - -, B;-1). Now the system (4.1) for k =0, ---,j — 1 is equivalent to one
matrix equation (4.25).

THEOREM 4.3. Let A(e) and B(e) be n X n matrices analytic in ¢ at the
origin. Then (1.10)-(1.11) are satisfied if and only if C(A, -+, A,) and
C(Bo,- -+, B,) are strongly similar. In particular if A(e)~.B(g) then
C(Ao, - -+, A,) and C(B,, - - -, B,) are similar for any w = 0.

It is left to show that the notion of strong similarity is indeed stronger than the
similarity notion. Choose

4.27) Ao= B, = (g (1)) A= (au au)  B,= (cu c,z) .

az a4 € Cx

According to Theorem 3.2 C(A,, A,) is strongly similar to C(A,, B,) if and only
if

(4.28) apytanp=cy+ Ca, az; = C23.
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On the other hand if a,, # 0 then C(A,, A,) has only one linearly independent
eigenvector. Thus if ax # 0, C(Ao, A,) is similar to

0

o o O

1
0
0

O = O

0
1
0 0 00
Therefore if a., #0 and ¢, # 0, C(Ao, A,) and C(A,, B;) are similar.

5. Observations and remarks

We observe that the general problem stated in terms of the equations (4.1) for
k=0,1,---, @ is in fact of the same degree of complexity as Problem 3.1 (i.e.
» = 1). More precisely we have

THEOREM 5.1. Let Z be kn X kn, a block diagonal matrix of the form
(5.1) Z =diag{H, - -, H}, H = (8.
Let X and Y be kn X kn block matrices
(5.2) X =(Xw), Xpa=0() Y=(YR), Yu=0u)L
Define

A =@k, B =09k
(5.3)

r+1 r+1

ap= Z XG0 sicn, b= E Y& vicni r=0,---,n-1
i=1

i=1
Then X is conjugated to Y with respect to Z if and only if C(Ao, """, Any) is
strongly similar to C(B,, " - -, Ba_1).

To prove the theorem we need the following lemma.

LemMa 5.1. Let X be an kn x kn block matrix given by (5.2). Assume
furthermore that each X,, matrix is an upper triangular matrix. Then

(54) X1 =TT 1l

Proor. Expand X be the rows n,2n,---, kn. Obviously the only k Xk
non-vanishing minor which consists of n,2n, - - -, kn rows is the minor composed
of the columns n,2n,- -+, kn of X. This minor is equal to |(x5¥);|. Now the
lemma follows by induction.
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ProoroF THEOREM 5.1.  According to Lemma 3.2 if P commutes with Z then
P has the following form:

-1
55 P=(P.) P.,= 20 PO, Rio=(rO)f  i=0,--n—1.
Here Ry, -, R.-: are arbitrary k X k matrices. According to Lemma 5.1

(5.6) P=|R,|"

The subspace of all commuting matrices with Z is spanned by k’n linearly
independent matrices

(5.7 Veu=(VE), V& =8,80H, aBpqg=1-k i=0-,n-1
According to Lemma 3.1, P satisfies (3.5) for some Q if and only if
(5.8 tr[ Ve (XP — PY)] =0, pgq=1,--k i=0,---n—1

Now

[V (XP = PY)] = tr] 3, O, — Py Y, H |
(5.9)

n—i—1
= »Z‘o [ te(XH™ ) — rgPte(Y,H™ )]
Note that (5.3) is equivalent to

(5.10) aR=tr(XH"™"™), b= tr(Y, H ™).
Thus (5.8) for p,g =1,-- -,k reduces to

n—i-1

(5.11) 2 (An—-m—i—lRm - RmBn—m—i—l) = 07 l = O’ Tt n-— 1'
m=0

That is, we have the equalities (4.1) for v = n — 1. The assumption that P is
non-singular together with (5.6) yields that R, is non-singular. So
C(Ao, -+, An-y) is strongly similar to C(B,, - - -, B.-1). The proof of the theorem
is concluded.

So if Z is of the form diag{H, H} then Problem 3.1 is reducible to the
equalities (4.1) with w = n — 1 where all matrices are 2X 2. This in principle
should not be difficult. '

We conclude our paper with the following remarks about pointwise similarity
of A(¢) and B(¢) in D, for a small r. Obviously if A (¢)~,B(¢) then they must
have the same characteristic polynomial
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(.12) AT+ 2 a,(e)A"7 = 0.
=

Moreover there exists r' >0 such that for 0 <|& | < r’ the invariant polynomials
of A(e) and B(e) are also analytic functions in &. Therefore the elementary
divisors @A, €), -, ¢, (A, £) and Yy(A, e), -, ¢, (A, &) of A(e) and B(e) re-
spectively are analytic in ¢ for 0 <|e| < r”. This in particular means that in this
region the degrees of the elementary divisors are constant. So if A (¢) and B(e)
have the same characteristic polynomial (5.12) and are similar at 0 <|go| <r”
they must be pointwise similar for 0 <|¢ | =< r"! Thus if in addition A (0)~ B(0)
we have that A(e)~,B(e), ¢ € D,..

Added in proof. Recently, in the paper Analytic similarity of matrices, the
author verified the conjecture stated here.
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