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ON POINTWISE 
AND ANALYTIC SIMILARITY OF MATRICES 

BY  

SHMUEL FRIEDLAND* 

A B S T R A C T  

Let A(e) and B(e) be complex valued matrices analytic in e at the origin. 
A(e)-pB(e) if A(e) is similar to B(e) for any le[<r, A(e)~,B(e) if 
B(e) = T(e)A(e)T-l(e) and T(e) is analytic and I T(e)l # 0 for le I <: r! In this 
paper we find a necessary and sufficient conditions on A(e) and B(e) such that 
A(e)~,B(e) provided that A(e)-~B(e). This problem arises in study of 
certain ordinary differential equations singular with respect to a parameter e in 
the origin and was first stated by Wasow. 

1. Introduction 

Let A(e)  and B ( e )  be n • n complex valued matrices analytic in a pa ramete r  

e, in D,  = {z, I z [ < r} for some r > O. We  call such matrices analytic at the origin. 

That  is we have the Mclaurin expansions 

(1.1) A ( e ) = ~ - ' ~ A k E  k, B ( ~ l = ~ B k e  k, Ak, B k e M . ( C )  
k =0  k =0  

which converge  in D,. O n e  says that A (e) and B (e)  are pointwise similar in D,  

(denote  it by A(e ) -pB(e ) )  if A ( e )  and B ( e )  are similar for  any e E Dr. A ( e )  

and B ( e )  are said to be analytically similar in Dr, (denote  it by A ( e )  - a B ( e ) )  if 

there  exists T(e ) ,  

(1.2) T(e) = ~ Tke k, Tk E M. (C) (convergent  for I e I < r'), 
k =O  

such that 

(1.3) I T(e ) l  # 0 for Is 1< r '  

(here by I TI we deno te  the de te rminant  of T)  and 
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(1.4) B ( e ) =  T(e)A(e)T-'(e). 

The problem of determining whether two given analytic valued matrices A ( e )  

and B(e )  are analytically similar in Dr, for some r'> 0 is important in study of 

certain ordinary differential equations singular with respect to a parameter E in 

the origin (e.g. see [4] and references therein). Clearly if A(e ) -aB(e )  in Dr, 

then A(e ) -pB(e )  in Dr,. Naturally one poses the following question: 

PROBLEM 1.1. (Wasow [4]) Assume that A(e)~pB(e)  in D,. What other 

conditions should A(e )  and B(e)  satisfy in order that A(e ) -aB(e )  in D,, for 

some 0 < r' =< r? 

Consider the following example: 

(1.5) a ( e ) = ( ~  ~), B(e)=(~ 12). 

Clearly A(e ) -pB(e )  in C. On the other hand A(e)7~aB(e) in any Dr, ( r '>0 ) .  

Otherwise 

(1.6) 

o), izl  , 

But this is impossible since A1(0) and B1(0) are not similar. This shows that the 

above problem does not have a simple solution. 

Wasow [3] gave a simple condition when pointwise similarity implies analytic 
similarity in the neighborhood of the origin. Consider the matrix equation 

(1.7) A (e )X - XA (e ) = O. 

Of course, we can view (1.7) as a system of n 2 linear homogeneous equations in 

n 2 unknowns x o, i,j = 1 , . - . ,  n (X = (x0)]'). Fix e and let K(e) be the number of 

linearly independent solutions of (1.7). K(e) can be easily determine by the 

degrees of the invariant polynomials of A(e) (e.g. [1, ch. 8, sec. 2]). It is not 

difficult to see that there exists 0 < p such that 

(1.8) K, 0<l l<p. 

WASOW'S COr~DmON [3]. Assume that 

(1.9) K (0) = K. 
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Then A ( e ) - , ~ B ( e )  in D,, if and only if A ( e ) - p B ( e )  in D,. 

The aim of this paper is to give conditions under which the pointwise similarity 

implies holomorphic similarity in case that Wasow's condition fails. The starting 

point of our investigation is the following theorem. 

THEOREM 2.1. Let A (e ) and B (e ) be n x n matrices analytic in e for [ e [ < r. 

There exists a non-negative integer to depending only on A ( e )  such that 

A (e)  - a B  (e) for e E D,, (r' > O) if and only i rA (e) - p B ( e )  for e E Dr, and there 

exists R (e) of the form 

(1.10) R ( e )  = ~ Rke k, Rk ~ M . ( C ) ,  ]Ro[#O 
k=O 

such that 

(1.11) A ( e ) R ( e ) -  R ( e ) B ( e )  = eo§ 

We determine an explicit upper bound for to. We also give a simple sufficient 

criterion which implies that the conditions (1.10) and (1.11) for to = 1 guarantee a 

positive answer to our problem. In Section 3 we examine the conditions 

(1.10)-(1.11) for to = 1. This problem leads us to the notion of conjugacy of two 

matrices X and Y with respect to a matrix Z. In case that Z = cI this is the 

standard notion of similarity. We give a procedure to determine when X and Y 

are conjugate with respect to Z and in some cases the verification is quite 

straightforward. However,  the solution of the general problem is incomplete. In 

Section 4 we show how to determine whether (1.11) is solvable. In fact 

(1.10)-(1.11) is equivalent to the notion of strong similarity of certain upper 

block triangular matrices. We also give a simple necessary and sufficient 

condition for the solution of Problem 1.1 for certain type of matrices A (e) which 

do not satisfy the Wasow condition. 

THEOREM 4.2. Let A (e ) be complex valued matrix analytic in e at the origin. 

Assume that the Wasow condition fails. Suppose that the subspace of all matrices 

Ro which satisfy 

(1.12) RoAo = AoRo, t r [ V ( R o A l -  A1Ro] = 0 

for all V which commute with A0, is of dimension ~. Then A (e) ~ ,  B (e) if and 

only if there exists a nonsingular matrix P commuting with Ao and a matrix R such 

that 

(1.13) P B 1 -  A I P  = AoR - RAo 
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provided that B (e  ) is normalized by the condition 

(1.14) Bo = Ao. 

That is A~ and B~ are conjugate with respect to Ao. 

We state a conjecture which determines the smallest to described on Theo- 

rem 2.1. In fact Theorem 4.2 supports this conjecture. In the last section we show 

that (1.10)-(1.11) for any to is equivalent to the same problem with to = 1 stated 

for appropriate choice of matrices A'o, A'I and BA, B'~. 

2. Main results 

PROOF OF THEOREM 2.1. Assume that the Wasow condition holds. Then the 

pointwise similarity implies analytic similarity. In that case the value of the to is 

zero. Indeed, as A ( 0 ) - B ( 0 )  there exists non-singular R0 such that 

(2.1) 

Now 

(2.2) 

as we claimed. 

B(O) = R o ' A  (O)Ro. 

A ( e ) R o -  RoB(e )  = eO(1). 

Suppose now that the Wasow condition fails. That is 

(2.3) K < K (0). 

Rewrite the system (1.7) as a system of linear equations in n 2 unknowns x~j, 

i , j = l , . . . , n ,  

(2.4) A ( e )X  = 0. 

Here  A ( e )  is an n2x n 2 matrix 

A ( e )  = (tir X" = (x(,.j))-(vector), 

(2.5) 
d oa).o,.q) = a~p6qj - 6,paqj, i, j, p, q = 1 , "  ", n. 

Using the tensor product one can write 

(2.6) ft. (e) = I Q A  (e) - A ' (e)@/,  (A'  - -  the transpose of A ). 

See, for example [2, p. 8]. The condition (2.3) implies the existence of an r / x  r/ 

submatrix of fi, (e) - - c a l l  it P(e )  such that 

(2.7) I P(e)[ = ae'(1 + cO(l)) ,  a ~  0. 
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H e r e  by I P I  we deno te  the de t e rminan t  of a square  matr ix  and 

(2.8) rt = n 2 -  K. 

W e  claim that  if one  can satisfy the condi t ions  (1.10) and (1.11) with w = s then 

A(e)- , ,B(e) .  Indeed ,  assume that  to = s and (1.10) and (1.11) holds. Since 

IRol/0 there  exists 0 < r ' =  < r such that  R(e)-' exists for  ]e l <  r ' .  Let  

(2.9) C(e) = R (e)B (e)R (e) '. 

Clearly it is enough  to show that  A(e) -oC(e) .  Also A(e)-pC(e) .  Consider  

the sys tem 

(2.10) A ( e ) Y  - YC(e) = O. 

Rewr i te  (2.10) in the fo rm of the sys tem in n 2 var iables  

F ( ~ ) ~ "  = 0. (2.11) 

In tensor  nota t ion  

(2.12) F(e) = I @ A ( e ) -  C'(e)(~I 

According  to our  assumpt ions  

A(e)-C(e)=e~+'O(1).  (2.13) 

So 

(2.14) F(e ) -  f~(e)= (A ' (e) -  C'(e))@I = es+ 'O(1) .  

Cons ider  the submat r ix  P(e) of fi~ (e).  A s s u m e  that  the ~/ rows of P(e) fo rm the 

set J C W X W  ( W = { 1 , 2 , . . . , n } )  and the 7/ co lumns  of P(e) fo rm the set 

K C N x W. L o o k  at the cor responding  submat ix  Q(e) of F ( e )  which is f o r m e d  

by the rows J and the co lumns  K. F r o m  (2.14) and (2.7) it follows that  

(2.15) I Q ( e ) l  = ae'(1 + eO(1)) .  

As  C(e) is pointwise similar to A(e) we must  have  that  the sys tem (2.10) has the 

same n u m b e r  of linearly independen t  solut ions as (1.7). T h e r e f o r e  any (r~ + 1) x 

( r  t + 1) minor  of F(e) vanishes.  Let  Y(e) be the unique solution of (2.10) 

satisfying the condi t ions  

(2.16) yo(e) = 6,, if (i,j) ff K. 

W e  assert that  Y(e) is ho lomorph ic  at e = 0 and 
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(2.17) v ( 0 )  = i. 

Indeed consider the unique solution X ( e )  of (1.7) satisfying the condition (2.16). 

Clearly X ( e )  = I is this solution. Using the Cramer formulas for the solutions of 

(1.7) and (2.10) (only to the equations corresponding to the entries (i,j), 

( i , j ) ~ J )  and taking in account (2.7), (2.15) and (2.14) we get 

(2.18) = (1 + e O ( 1 ) ) x ( e )  + 

This establishes (2.17) and the analyticity of Y around the neighborhood of 

the origin. So there exists 0 < r " =  < r' such that Y(e )  and Y(e )  -1 are holomorphic 

in l e l <  r". This proves the existence of to depending only on A (e) such that 

(1.10), (1.11) together with the assumptions A ( e ) - p B ( e )  at the origin imply 

that A ( e ) - a B ( e )  at e = 0 .  Vice versa, if A ( e ) - a B ( e )  for e ~ D , ,  then 

A ( e )  - p B ( e )  for e E D,, and (1.10) and (1.11) hold for any integer. The proof of 

the theorem is completed. 

DEFINITION 2.1. Let A ( e )  be complex valued matrix analytic in e at the 

origin. Then /z  is called the minimal index of A (e) at e = 0 if Theorem 2.1 holds 

for to --/z, but if to < /x  then there exists B (e) which satisfies the conditions of 

Theorem 2.1 but (1.10) and (1.11) do not imply that A ( e ) ~ o B ( e ) .  

As we pointed out in the proof of Theorem 2.1 Wasow's condition (1.9) 

implies that # = 0. From the proof of Theorem 2.1 we deduce 

THEOREM 2.2. Let 71 be given by (2.8) and consider all non-zero 7 I • 71 minors 

of I @ A (e ) - A '(e ) @ I which must be of the form (2.7). Let u be the minimum of 

all possible exponents s appearing in (2.7). Then 

(2.19) p~ _-< u. 

Clearly u = 0 if and only if the Wasow condition (1.9) holds. Next we give a 

sufficient condition for /~ = 1 

THEORE~ 2.3. Let A (e ) satisfy the assumptions of Theorem 2.1. Assume that 

the Wasow condition fails (i.e. (2.3) holds). Suppose that v given in Theorem 2.2 

equals 

(2.20) u = K ( 0 ) -  K. 

Then the minimal index of A (e) at the origin does not exceed 1. 

To prove this theorem we need the following lemma. 
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LEMMA 2.1. Let  X be an n x n matrix whose rank is k (<-<_ n ). Thdn for any 

n x n matrix Y and analytic valued n x n matrix Z ( e )  ( ] e [ <  r) the following 

relations hold : 

(2.21) I X +  e Y I  = e"-kO(1) ,  

(2.22) I X  + e Y  + e2Z(e ) [  = I X +  e Y [  + e"-k+ 'O(1) .  

PROOF. Let A ( e ) = ( a q ( e ) ) ?  be an analytic valued matrix at e = 0 .  Let 

r = (r~, . - . ,  r,) be a vector  with non-negat ive  integer coordinates .  As  usual 

d e n o t e [ r [  = EF=~r, By (a~f')(e))? denote  the matrix whose i-th row is the r,-th 

derivative of A ( e ) .  From the s tandard formula  of the derivative of the 

de terminant  we deduce  

d p p!  , ~), 
(2.23) de" [ A ( e ) [  = ' ~  v ]ta,, ' te))~ t. 

I r l = p  r l !  �9 �9 �9 r n .  

Put 

(2.24) A (e ) = X +  e Y + e Z Z ( e  ) 

and let e = 0 in (2.23). Set 

(2.25) G ~'~ " 2 = ( a , , ,  ( 0 ) ) 1 ,  r, = p ,  
i = 1  

Let 

ri~= . . . .  rlq=0, r j > 0 i f j ~ i l , . . . , i ,  

G ( i~, " ", iq~ 
\jl," ",jq/ 

be a q • q minor  of G composed  of i l , ' "  ", iq rows and j l , . . . , j q  columns of G. In 

view of (2.25) we have 

i ' " " i q  = X  1<=. . . . , .  <-n. (2.26) G \j , ,  " , jq/ \jl,  �9 ' 11' Ik 

Assume first that  p < n - k. Then  q => k + 1 and since r ( X )  = k both sides of 

(2.26) are equal to zero. Expanding  the de terminant  of G by the rows il, .  �9 iq 

we obtain that I G I = 0. So 

(2.27) de p I A ( e ) ]  = O, p = 0 , . . . ,  n -  k - 1. 
e = o  

Assume  now that p = n - k. Again  if q -> k + 1, I G I = 0. So we are left with the 

case where  q = k. That  is, there  exist 1 =< i', < i X < " "  < i,'_~ =< n such that 
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(2.28) r,; . . . . .  r,' ~ = 1. 

In this case G is composed of i I , . . . ,  i'-k rows of 

Therefore  we showed 

d"-k I (2.29) de ,-k I A (8)1 

This verifies (2.21) and (2.22). 

Y and i l , " , i k  rows of X. 

d n-k I - d e , _  k I X + e Y I  . 
~ = 0  e = 0  

PROOF OF THEOREM 2.3. Assume that B (e) -~  A (e) for e E O,. Suppose that 

(1.10) and (1.11) hold for w = 1. We claim that B(e) - , A ( e )  for e ~ D,, if (2.20) 

holds. Our proof is a modified version of the proof of Theorem 2.1. We just point 

out the arguments which should be modified. According to (2.20) and the 

definition of v we may assume that s given in (2.7) equals v. From (2.6), (2.12) 

and the equality to -- 1 we get 

A(e)  = (I @ A o -  A'o@I)+ e(I @ A l -  A'~@I)+ 220(1),  

(2.30) 
F ( e ) =  (I @Ao-A~o@I)+ e(I @ A 1 -  At1@/)+ 820(1). 

Thus we can apply Lemma 2.1 to the J x K minors of ft .(e) and F(e). So 

(2.31) I Q ( e ) l -  IP(e)l = 8"-'(~ r/(0) = r /2-  K(0). 

This establishes (2.15). It is left to show (2.18). Use again the Cramer formulas 

for the solutions of (1.7) and (2.10) (only for the equations corresponding to the 

entries (i,j), ( i , j )~ J). Thus we have to consider 7/• 7/ minors consisting of 

r / -  1 columns of A(e) (F(e)) from the set K and a column which is a linear 

combination of the columns of ,4 (8) (F(e)) which do not belong to K. Clearly 

the rank of such a minor at 8 = 0 is at most r t(0). Using (2.31) and (2.22) we 

obtain that the difference between the corresponding minors of A (8) and F(e ) is 

at least of the form e n-n(~ i.e. e "+'O(1). Dividing the minors of ,4 (e) by 

[P(e)[  and the minors of F(e) by I Q(8)I from (2.7) and (2.15) we deduce (2.18). 

The proof of the theorem is completed. 

3 .  T h e  c a s e  to = 1 

Assume that A(e)  and B(e) are analytic valued at the origin and have the 

expansions (1.1). Assume that A ( e ) - a B ( e )  for e ~ /9 , .  In particular A(0)  is 

similar to B(0). By considering TB(e)T -~ for a suitable T E M,(C)  we may 

assume in (1.1) that 
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(3.1) Ao = B0. 

In that case the conditions (1.10) and (1.11) for to = 1 are equivalent to 

(3.2) A o R o -  RoAo = O, I Ro I ~ O, 

(3.3) A o R ~  + A , R o  - R , A o -  R o B ,  = O. 

DE~NITION 3.1. Let X, Y, Z E M, (C). The matrix X is conjugate to Y with 

respect to Z, if there exists a non-singular matrix P commuting with Z 

(3.4) Z P  - P Z  = O, 

such that 

(3.5) X P  - P Y  = Z O  - O Z  

for some O E M, (C). 

Denote  this relation by X ~ Y ( Z ) .  Clearly, if Z = cI then X is conjugate to Y 

if and only if X is similar to Y. It is easy to check that for a fixed Z the relation 

X ~ Y ( Z )  is an equivalence relation. Thus, the problem of determining whether 

(3.2)-(3.3) are solvable is equivalent to the problem whether A~ ~ B~(Ao). In this 

section we shall give a partial answer to the following problem. 

PROBLEM 3.1. Given X, Y, Z E _Mr, (C), find necessary and sufficient condi- 

tions for X to be conjugate to Y with respect to Z. 

Clearly this problem makes sense if X, Y, Z E .Mr, ( ~ )  for any field ~. We shall 

restrict ourselves to the field of complex numbers although our approach will 

apply for any field .,~. Our first observation is 

LEMMA 3.1. Let  U, Z E M.  (C). Then U is a commutator  o f  Z and Q, i.e. 

(3.6) U = Z Q  - Q Z  

for some O, if and only if 

(3.7) t r (VU)  = 0 

for any V which commutes  with Z.  (Here t r (W)  denotes the trace o f  W.) 

PROOF. Clearly if V commutes with Z then 

t r (VU) = t r ( V Z Q  - V Q Z )  = t r [ Z ( V Q ) -  V Q Z ]  

(3.8) 
= t r [ ( v o ) z  - v o z ]  = o. 
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Vice versa, suppose that (3.7) holds for any V which commutes with Z. Consider 

the equality (3.6) as a system of n 2 non-homogeneous equations in the unknowns 

q~j, i , / =  1, . -  -, n (Q = (q~i)7). In tensor form (3.6) is given as 

(3.9) (I  ~) Z - Z ' Q  I ) 0  = 0 

if we adopt the notation of the previous section. It is well known that (3.9) is 

solvable if and only if 0 is orthogonal to any solution of the adjoint system. That 

i s  

(3.10) rt n 0 = w,~u~ = t r (W'U) ,  W = (w,i)l, U = (u,j)~, 
i,j = 1 

( 3 . 1 1 )  ( I  ( ~ z  - z t  ( ~ / ) t v i  ,,r = ( ]  ( ~ z  t -  z @ I ) ~ v  = 0. 

Now (3.11) means that 

(3.12) Z ' W -  W Z ' =  O. 

Thus W t commutes with Z and (3.10) is equivalent to (3.7). End of proof. 

Let V~, . . . ,  Vk form a basis for the subspace of all matrices in M, (C) which 

commute with Z. So any P which satisfies (3.4) is of the form 

(3.13) P = ~'~ v,V,. 
iffil 

According to Lemma 3.1 (3.5) is solvable for some Q if and only if 

(3.14) tr[ V, ( X P  - P Y ) I  = O, / = 1 , . . . ,  k. 

The equations (3.13)-(3.14) determine the subspace ~ of all matrices P which 

solve (3.4)-(3.5). It is left to find whether ~ contains a non-singular matrix. 

In principle this can be done by verifying a finite number of conditions. Indeed 

let ~ be any subspace of matrices P of the form (3.13). Define 

(3.15) F ( v , , . . . , V k ) =  l ~ v,V~l = ~'~ apv ~, p = ( P l , ' " , p k ) ,  ve = v~ . . . .  v~ ~. 
I I i=l Ipl=n 

Thus ~ does not contain a non-singular matrix if and only if F is zero identically. 

It is a standard fact that a polynomial F of degree n is zero identically if and only 

if F vanishes at the test points 

(3.16) v~ = 0 ,1 , - - - ,  n, i = 1 , . . . ,  k. 

Moreover  the number of test points can be reduced by observing that 
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(3.17) F(tv , ,  . . ., tv~ ) = t nF(v,, . . ., vk ). 

Next  we observe  that 

(3.18) X ~ Y ( Z )  if and only if T X T - '  ~ T Y T - I ( T Z T - ' ) .  

Since we are working over  Mn (C) we may assume that Z is in the Jordan  

canonical  form 

(3.19) Z = d i a g { J , , . . . , ] u } ,  A = A k I ~  +H~, d i m A = n ~ ,  k = l , . . . , u .  

Here  Ik is the identi ty matrix and Hk the 0-1 matrix whose non-zero  e lements  

are on the upper  diagonal.  In that case the subspace of all commut ing  matrices P 

with Z is well known (e.g. [1,. ch. 8, sec. 1]). 

LEM~t~ 3.2. Let Z E M , ( C )  be a matrix given by (3.19). Then a block matrix 

P = (P~/S)I'E M , ( C )  commutes with Z if and only if  the blocks P~/s = (p~) ) ,  

i = 1 , . . . ,  ha, j = 1 , "  ", n/s satisfy the following conditions: 

(3.20) if  A~ ~ A s p~/s = O, 

(3.21) ifA~ = A/s r " ~ )  = 0 ,, f o r j < i + n ~ - m i n ( n ~ , n / s ) ,  

p ~7/s) = v (i+l)(J + 1 ) "  (a/s) for j = > i + n/s - min (na, n~ ). 

In fact if nl , .  �9 n, are the degrees  of the non-constant  invariant polynomials  

i~(A), . . . ,  i,(A) of Z then the number  of f ree  parameters  in P is 

(3.22) X = ~ (2i - 1)n,. 

Applying Lemmas  3.1 and 3.2 we obtain 

LEMMA 3.3. Assume  that Z is of  the form (3.19). Then P solves (3.4) and (3.5) 

if and only if for any two indices t~, fl such that A~ = A/s and any V~/s of  the form 
(3.21) the following equality holds: 

O= tr { V~/s [ , ~  (X~,Pj~ - P/sjYi~)]} , 

(3.23) 
X = (X~j)~', Y = (Y~j)~' 

provided that P is of the form (3.20)-(3.21). 

Not ing that V~ = Pja = 0 if Aj ~ A~ we deduce  

THEOREM 3.1. Assume  that Z is of the form 
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(3.24) Z = diag{Zl ,  �9 �9 Zv} 

such that 

(3.25) (/~j/j - Zj)" = 0, /~j~/~k, j ~  k, j, k = 1 , . - . ,  v. 

Then X is conjugate to Y with respect to Z if and only if 

- -  v u (3.26) Xi, Y,,(Z,),  i = l , - - - , v ,  X - ( X , j ) , ,  Y=(Y~j ) I .  

Thus  in P r o b l e m  3.1 we may  assume that  Z is a ni lpotent  matr ix.  In case that  

Z is similar  to a diagonal  matr ix  then P rob l em 3.1 has a s imple solution.  

COROLLARY 3.1. Let the assumptions of Theorem 3.1 hold. Assume further- 

more that Z is similar to a diagonal matrix. Then X ~ Y ( Z )  if and only if X ,  is 

similar to Y~, for i = 1 , "  ", v. 

THEOREM 3.2. Assume that Z consists of one Jordan block 

(3.27) Z = H,  H = (h,j)~', h,j = ~o+l)J, i,j = 1 , . . . ,  n. 

Then X = (x,~)7 is similar to Y = (y,j)7 with respect to Z if and only if 

n - - i  n - - 1  

(3.28) ~'~ Xo+k)k = ~ yO+k)k, i = 0 , ' "  ", n - 1. 
k ~ l  k = l  

PROOF. It  is a well known fact that  any P which c o m m u t e s  with Z given by 

(3.27) is a po lynomia l  in H :  

n - 1  

(3.29) P = ~ a,H'. 
i = O  

T h e  assumpt ion  that  P is nonsingular  is equivalent  to the fact that  ao ~ 0. So we 

may  assume that  a0 = 1. Then  the  condi t ion (3.14) states 

O = t r ( H ' X P -  H i P Y ) =  t r (XPH'  - Y H ' P ) =  tr [ ( X -  Y )  ("\ ,=0 a'H'+' ' 

(3.30) j = n - 1 , . . . ,  0. 

For  j - n - 1 (3.30) is equivalent  to 

(3.31) t r [ ( X  - Y ) H ' ]  = O. 

A s s u m e  that  we a l ready p roved  (3.31) for  j = n - 1 , . . . ,  k. By  letting ] in (3.30) 

be  k - 1 we deduce  that  X and Y satisfy (3.31) for  k - 1. So (3.31) holds  for  

j = n - 1 , - . . ,  0. This  is exact ly  the condi t ions  (3.28). Converse ly  if (3.28) hold 
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then (3.30) is fulfilled when P -- I. So X ~ Y (Z ) .  The proof of the theorem is 

completed. 

4. The general problem 

The conditions (1.11) can be stated in terms of matrix equalities 

k 

(4.1) AoRk - R~Ao = ~ (Rk_,B, - A,Rk_,), 
i = l  

for k = 0, 1,. �9 co, where we assumed the normalization Ao = B0. A sequence 

(Ro , . . . ,R j )  is called a solution if Ro, . . . ,R~ satisfy (4.1) for k = 0 , 1 , . . - , j .  

Denote by ~ the subspace of all solutions (Ro," �9 ", Rj) and by ~LJ.t.i the subspace 

of the first i matrices (Ro," �9 ", Ri) in the solutions (Ro," �9 ", R~) where 0 < i _-<j. 

Clearly 

(4.2) ~LPs., _D ~+x.,. 

According to Lemma 3.1 ~LPj+~.j is the subspace of all solutions (Ro," �9 ", Rj) such 

that 

i + 1  

(4.3) tr [ V I~=I ( Ri+I-,B, - AiRi+,-, ) ] = O, VAo : Ao V, 

for all V which commute with Ao. Thus if we constructed ~ (4.3) determines 

~+l,j. Now by solving (4.1) for k = j + 1 where (R0, . . - ,  R j ) ~  ~+1,i we obtain 

the subspace ~+1. Thus if A ( e ) ~ p B ( e )  then A ( e ) - , B ( e )  if and only if ~v.o 

contains a non-singular matrix (v is given in Theorem 2.2). 

TI-tEOR~M 4.1. Assume that A ( e )  and B ( e )  are analytically similar at the 
origin. Consider the system (4.1) for k = 0 , . . . , j .  Then 

(4.4) dim .LPj.o _-> r 

for any ] >= O. Moreover the equality sign holds if j is not less v (given in Theo- 
rem 2.2). 

To prove this theorem we need the following lemma. 

LEMMA 4.1. Let A ( e ) be a complex valued matrix analytic in e at the origin. 
Consider all complex valued matrices X (e ) = E~-o Xke k analytic in e at the origin 

and satisfying the equation (1.7). Then the set of all possible Xo form a subspace U 
of dimension r. 
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PROOF. First we claim 

dim U_- < K. 

Indeed let X(1)(E), . .  ., X(~+I)(~) be K + 1 analytic solutions of (1.7). Let G(~) be 

n2• (K + 1) matrix whose columns are the vectors X<l)(e), . .  ., X<~+~)(e). By the 

definition of K, X( ' (e) ,  "" ", X<~*I)(~) are linearly dependent. So r (G(e))  - -  the 

rank of G (e) - -  satisfies r (G (e)) ~ K. In particular r (G (0)) ~ K which proves the 

assertion. Next we show the existence of K analytic solutions X( ' (e) ,  .- ., X(~)(E) 

of (1.7) which are linearly independent for 0 < I e I. We follow the notation in the 

proof of Theorem 2.1. So all (7 + 1) x (7/+ 1) (7 = n 2 -  K) minors of fi, (E) (2.6) 

vanish identically and there exist 7/• 7/ minors P(e)  of the form (2.7). 

Let K '  be the complementary set of K in N •  For a E K '  define 

Y<~')(e) = (~' " (yi~ (e)), to be the following unique solution of (1.7): 

(=) (4.5) y~7)(e)=e s i f ( i , j ) = a ,  ylj ( e ) = 0  i fa#(i , j )EK' .  

From the proof of Theorem 2.1 it follows that Y(~)(e) are analytic. Clearly 

(Y(~)(e)), a ~ K' ,  are linearly independent for l e l > 0 .  Let H ( e )  be an n~x K 

matrix whose columns are vectors X( ' (e) ,  . .  ., X(~)(e)which are analytic solu- 

tions of (1.7). Assume that r(H@))= K. If r(H(O))= K we have finished the 

proof. Assume that r(H(O)) < K. So there exists K x K minor of H(~)  of the form 

(4.6) IO(E)l=a'e"(l+eO(1)), a'#O, s'>=l. 

As X('(0), . .  ., X(~)(0) are linearly dependent we have 

(4.7) ~ tr,X<"(0) = 0. 
i = l  

For simplicity of notation we may assume that tr. = 1. Consider a new set 
..X'~ J~(~)(e) of linearly independent analytic solutions of (1.7): 

(4.8) X(')(e) --- X("(e), i = 1 , . . . ,  K - 1, X'" '  = e - '  ~ oe,X")(e). 
i = l  

L e t / q ( e )  be the matrix composed of X<I), �9 �9 X('). Again if r(H(0)) = K we are 

done. Otherwise considering the corresponding minor Q(e)  which consists of 

the same rows and columns as O(e),  we easily deduce that 

(4.9) I ()(e)l  = a 'e"- ' (1  + eO(1)). 

Continuing in the same manner we shall finally deduce the lemma. 

PROOF Or THEORnM 4.1. Let X(e)  be an analytic solution of (1.7). Denote 
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(4,10) R(e)  = X ( e ) T - I ( 6 )  

where T(e) satisfies (1.4). Thus 

A ( e ) R ( e ) -  R ( e ) B ( e )  = O. (4.11) 

We also have 

(4.12) Ro = XoTo 1. 

As R ( e ) =  Z~=oRke k (4.1) is satisfied for k = 0, 1 , 2 , . - . .  From Lemma 4.1 we 

deduce the inequality (4.4). To finish the proof of the theorem we have to verify 

the equality 

(4.13) dim ~ . o  = r. 

Assume that R(e)=Z~=oRke k satisfy (1.11). Here  we do not demand that 

JRol~0. Moreover  assume that to = v. Define X(e )  by the equation (4.10). 

From (1.11) and (1.4) we get 

A ( e ) X ( e ) -  X ( e ) A ( e )  = e ~+'O(1). 

Repeating the arguments of the proof of Theorem 2.1 we obtain the existence of 
the unique analytic solution Y(e)  of (1.7) such that x~j ( e ) =  Y0 (e) if (i, j ) E  K'.  

Moreover  X(0) = Y(0). This manifests that dim U _-> dim &e~,0_--- K. Now Lemma 

4.1 implies (4.13). The proof of theorem is completed. 

Theorem 4.1 can be obviously applied to the case B ( e ) =  A(e) .  

DEFINITION 4.1. Consider the system of matrix equations 

(4.14) aoRk - Rkao = ~ Rk_~A~ - A~Rk_~ 
i=l 

for k = 0, 1 , - . - , j .  Let Uj be the subspace spanned by the matrices Ro in the 
solutions (Ro, ' -  ", R,). Define t z ' t o  be the following non-negative integer: 

(4.15) U~,,_, ~ U, 

where U is given by Lemma 4.1. 

Theorem 4.1 implies 

(4.16) /z 

We conjecture 

CONJECTURE. 

u~,=u 

'<-_v. 

Let I~ be the minimal index at the origin (Definition 2.1). Let t~ ' 
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be given as above. Then 

(4.17) /z = /z  '. 

In case that ~ '  = 0 we have that K = K (0) and the conjecture follows from 

Wasow's result. Suppose that /~ '= 1. Thus A ( e )  satisfies the conditions of 

Theorem 4.2 (see Introduction). It is easy to show that A (e) given in (1.5) fulfills 

the conditions of Theorem 4.2. Therefore the example (1.5) manifests that/~ > 0. 

Thus, indeed, Theorem 4.2 establishes the equality (4.17) in case tha t / z '  = 1. To 

prove Theorem 4.2 we need an auxiliary lemma. 

LEMMA 4.2. Let X and Y be m x m matrices. Assume that r(X)  = k. Consider 

the subspace all of all vectors x of the form 

(4.18.) Xx = O, ~ t y x  = O, ~ t X  = O, 

for all possible ~. Assume that 

(4.19) dim ~ = m - k ' ( < = m - k ) .  

Then all k ' x  k'  minors of X + e Y  are of the form e ~'-kO(1). Moreover there 

exists an k ' •  k' minor Q(e)  of X +  e Y  such that 

(4.20) IO(e)l  = bek'-~(1 + eO(1)), b ~ 0 .  

PROOF. F r o m L e m m a 2 . 1 i t f o l l o w s t h a t a n y k ' x k ' m i n o r o f X + e Y i s o f t h e  
form e k'-kO(1). Suppose that (4.20) does not hold. Thus all k '  x k '  minors of 

X +  e Y  are of the form e~'-k§ Let S~, $2 be two nonsingular matrices. 

Applying the Cauchy-Bihet  formula we deduce that all k ' x  k '  minors of 

S,XSz+ eS~YS2 are of the form e k'-k+lO(1). We establish the lemma by showing 

that the above conclusion fails for some choice of nonsingular S, and $2. Let 

(4.21) X1 = SIXS2, 

We can choose S~ and $2 such that 

(4.22, X ~ = ( ~  00), y~=(Yl~\y2, 

Y1 = $1 YS2. 

y J  , 

Here  X~ and Y~ are partitioned in the same manner and Ij is the/ '  x j identity 

matrix. Clearly (4.18)-(4.19) holds if we replace X and Y by X1 and Y~. 

However  in that case we immediately deduce that m - k '  = m - k - / .  Consider 

k '  • k '  minor Q (e) of X~ + e Y~ based on the first k '  rows and columns. Applying 

the Laplace expansion to the last l rows of Q(e)  we deduce straightforward 

(4.20) with b = 1. This establishes the lemma. 
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PROOF OF THEOREM 4.2. Consider the expansion A (e)  given by (2.30). Let 

(4.23) X = I @ A o - A ' o ( ~ I ,  Y = I @ A ~ - A ' ~ @ I .  

So r(X) = n 2 -  r (0)  and dim ~ = r. Thus according to Lemma 4.2 the condi- 

tions of Theorem 2.3 are satisfied so ~ _-< 1. This in return is equivalent to 

(3.2)-(3.3). That is 31 ~ Bl(Ao). 
We conclude this section with a different formulation of the system (4.1). Let 

A o , "  ",Aj-~ be n x n matrices. Define C(Ao, . . . ,  Aj_~) to be n / x  nj matrix 

which is block upper triangular: 

(4.24) C(Ao,. . . ,Aj_I)=(C~)~, C~=O f o r q < p ,  C~= Aq_p forq_->p 

DEFINITION 4.2. Let Ao, Bo," �9 ",Aj-I, Bj-1 be given n x n matrices. The 

matrices C(Ao," �9 ", Aj_,) and C(Bo,. �9 B~_I) are called strongly similar if there 

exist n • n matrices Ro,. �9 ", Rj_I satisfying 

(4.25) 

As 

(4.26) 

C ( A o , . ' - ,  A,_,)C(Ro,. . . ,  R,_I) = C(Ro, . . . ,  Rj-1)C(Bo,"., Bi-,), 

where IRol # 0. 

[ C(Ro,.--, Rj-I)I = [Ro[' 

the assumption that [Ro[ # 0 implies in particular that C(Ao, �9 �9 ", Aj-1) is similar 

to C(Bo,"  ", Bj-1). Now the system (4.1) for k = 0,.  �9 j - 1 is equivalent to one 

matrix equation (4.25). 

THEOREM 4.3. Let A ( e )  and B(e)  be n x n matrices analytic in e at the 
origin. Then (1.10)-(1.11) are satisfied if and only if C(Ao , . . . ,A~)  and 
C(Bo ," ' ,B~)  are strongly similar. In particular if A ( e ) - ~ B ( e )  then 
C(Ao, �9 �9 A~,) and C(B0,.  �9 ", B~) are similar for any to >- O. 

It is left to show that the notion of strong similarity is indeed stronger than the 

similarity notion. Choose 

(4 .27 '  A0~--" B0 ~ (00 ~)  A1 ~ ( a l l  a12~ 81 ~ (Cll c12~ 
' \a21 a22] ~ \c21 c22/ " 

According to Theorem 3.2 C(A0, A1) is strongly similar to C(A0, B 0 if and only 

if 

(4.28) a .  + a22 = Cll --F c22 , a21 = c21. 
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On the other hand if a21 ~ 0 then C(Ao, AI) has only one linearly independent 

eigenvector. Thus if a2~ ~ O, C(Ao, AI) is similar to 

0 0 . 

0 0 

Therefore if a21 ~ 0 and C21 ~ 0, C(Ao, A1) and C(Ao, B1) are similar. 

5. Observations and remarks 

We observe that the general problem stated in terms of the equations (4.1) for 

k = 0, 1 , . . . ,  to is in fact of the same degree of complexity as Problem 3.1 (i.e. 

to = 1). More precisely we have 

TrmOREM 5.1. Let Z be kn x kn, a block diagonal matrix of the form 

(5.1) Z = d i ag (H , . . . ,  H}, H = (a0+l)j)~'. 

Let X and Y be kn x kn block matrices 

X = (Xm)r, Xpq = (xr))Z, Y = (Ym)r, Y~ = (yr))r .  

-.- [ ~ ( r ) ' ~ k  __ I ' i . (r) '~k 

(5 .3 )  ,§ ,+1 
= y ( n - , + i - 1 ) i ,  r = O ,  �9 �9 ", - -  X ( . - , + i - O i ,  n 1 .  

i = 1  i = l  

Then X is con/ugated to Y with respect to Z if and only if C(Ao,." ", A,-I)  is 

strongly similar to C(Bo, ' . . ,  B,-1). 

To prove the theorem we need the following lemma. 

LEMMA 5.1. Let X be an kn x kn block matrix given by (5.2). Assume 

furthermore that each X~ matrix is an upper triangular matrix. Then 

0 ~ )  k (5.4) IXI = f l  I(x,, )p.q=ll, 
rffil  

PROOF. Expand X be the rows n,2n , . . . , kn .  Obviously the only k x k 
non-vanishing minor which consists of n, 2n, �9 �9 kn rows is the minor composed 

�9 . (x , , ) l  I. Now the of the columns n,2n, . ,kn of X. This minor is equal to [ ~q) k 

lemma follows by induction. 

( 5 . 2 )  

Define 
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PROOF OF THEOREM 5.1. According to Lemma 3.2 if P commutes with Z then 

P has the following form: 

(5.5) P = (P~)~, P~ = ~ r~H' ,  R, = (r~)~, i = 0 , . . . ,  n - 1. 
i = 0  

Here  Ro, �9 �9 R,_~ are arbitrary k x k matrices. According to Lemma 5.1 

(5.6) P = [ Rol". 

The subspace of all commuting matrices with Z is spanned by k2n linearly 

independent matrices 

(5.7) V~, = tv0~o~k - - ~  j~, V ~  ' ) = ~ p S ~ H  ~, a,/3, p , q = l , " ' , k ,  i = 0 , ' . . , n - 1 .  

According to Lemma 3.1, P satisfies (3.5) for some Q if and only if 

tr[ V~, ( X P  - PY) ]  = 0, p, q = 1 , . . . ,  k, i = 0 , . . . ,  n - 1. (5.8) 

Now 

(5.9) 

tr[ V ~ , ( X P  - PY) ]  = tr (X~Pjp - PqjYjp)H' 

n - i - 1  

~" [ r l ; ) t r (X ,~H"§  r~am)tr(Yfl-/"§ 
m = O  

Note that (5.3) is equivalent to 

(5.10) a ~  = tr (X~r-/"-'-~), 

Thus (5.8) for p, q = 1 , . . . ,  k reduces to 

r t - - i - -1  

(5.11) ~ (A._~._,_,R. - R.B._ , ._ ,_ , )  = O, 
m =O 

b~  = tr (Y~/-/"-'-I). 

i = 0 , . . . ,  n - 1. 

That is, we have the equalities (4.1) for to = n - 1. The assumption that P is 

non-singular together with (5.6) yields that Ro is non-singular. So 

C(Ao, �9 �9 -, A,_,) is strongly similar to C(Bo, �9 �9 B , -0 .  The proof of the theorem 

is concluded. 

So if Z is of the form diag{H,H} then Problem 3.1 is reducible to the 

equalities (4.1) with to = n - 1 where all matrices are 2 x 2. This in principle 

should not be difficult. 

We conclude our paper with the following remarks about pointwise similarity 

of A ( e )  and B ( e )  in /9 ,  for a small r. Obviously if A ( e ) - p B ( e )  then they must 

have the same characteristic polynomial 
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(5.12) A ~ + ~.. a/(e)A n-j = 0. 

Moreover there exists r' > 0 such that for 0 < [ e [ < r' the invariant polynomials 
of A(e )  and B ( e )  are also analytic functions in e. Therefore the elementary 
divisors tpl(A,e), . . . , tpp(A,e) and ~bl(A,e),... ,~bq(A,e) of A(e)  and B ( e )  re- 

spectively are analytic in e for 0 < l e I < r". This in particular means that in this 

region the degrees of the elementary divisors are constant. So if A (e) and B (e)  

have the same characteristic polynomial (5.12) and are similar at 0 < leo[  < r" 
they must be pointwise similar for 0 < I e I =< r"! Thus if in addition A (0) - B (0) 
we have that A ( e ) - p B ( e ) ,  e E D,,,. 

Added in proof. Recently, in the paper Analytic similarity of matrices, the 

author verified the conjecture stated here. 
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